Abstract. The effect of dust charge fluctuations on the existence and propagation of dust acoustic waves in unmagnified dusty plasma is studied. Dispersion relation for the dust acoustic waves with temporal dust charge fluctuations is calculated based on the reductive perturbation technique. It is shown that when the dust charging frequency is comparable to the dust acoustic wave frequency, the condition give rise to collision less damping of two existing normal modes and one purely damped mode. In the limit when the charging frequency is very much higher than the wave frequency, it is then possible to derive a nonlinear Schrödinger type equation with envelope soliton as solution.
INTRODUCTION
Dusty plasma is a complex plasma system composed of electrons, ions and massive charged dust particles. Dusty plasmas are found in diverse systems ranging from astrophysical plasmas, planetary rings, Earth ionosphere and laboratory plasma reactors [1, 2] . Various phenomena such as dust charging processes, stochastic dynamics and instabilities, mass and energy transport, linear and nonlinear waves occur in dusty plasmas. In this paper, we investigate the propagation behaviors of dust acoustic wave (DAW) [3] . The DAW is a normal mode of the massive charged dust grains with very low phase velocity (in comparison to the electron and ion thermal velocities). In the DAW potential, both the electrons and ions are assumed to satisfy Boltzmann distributions, whereas the charged dusts are inertial. The dust grains oscillate against the thermalized background of electrons and ions which provide the necessary restoring force. Behaviors of DAWs with constant dust charge have been well understood [4] . However, by allowing the dust charge to be a variable, propagation properties of these waves have been shown to change significantly [5] . Here, we focus on the case when charging frequency comparable to the wave frequency and show that dust charge fluctuations give rise to one purely damped mode and collisionless damping of existing normal dust acoustic modes. It is also remarked that the case with  / 0 may give rise to higher order nonlinearity with envelope soliton as a solution.
PERTURBATIVE ANALYSIS AND DISPERSION RELATION
Dynamics of dust particles of uniform mass m d and radius r d with density n d is governed by the continuity equation [4, 5] :
and the mean velocity u d obeys
where is the electrostatic potential, z d is the dust charge number and e is the electric charge. The Poisson's equation for the system can be written as
where n d0 of the equilibrium number density and d ñ is the perturbation of the number-density of the dust. ne and ni are the number density of electrons and ions respectively. Likewise, we write the dust charge number zd and dust charge Qd as
The right hand side of Poisson's equation (3) vanishes at equilibrium due to the overall neutrality condition, therefore gives
with n e0 and n i0 are the number density of electrons and ions at equilibrium, respectively. Nearly Maxwellian distributions are assumed for the electrons and ions, namely, )
, respectively with T e is the electron temperature, T i is the ion temperature, z i is the ion charge number and kB is the Boltzmann constant. The dust charge dynamical equation is written as [5] 
where Eq. (4) shows that charge fluctuation on dust particles are driven by the difference in relative density fluctuation of ions and electrons and have a natural decay rate
, where C is the capacitance of dust grain, I e0 is the equilibrium electron current and
 is the equilibrium floating potential. By expanding the electron and ion distributions and keeping up to the third order terms, dynamics of the DAW Eqs.(1-4) are described by the following set of normalized equations:
where 
be the state (column) vector describing the system's state at a given position r  and time t. Consider small deviation from the equilibrium state 
, where  , k are normalized by  pd and
, respectively. For this system, we have
By substituting Eqs. (9a)-(9d) into Eqs. (5)- (8) and isolating distinct order of terms, one can calculate the n-th order reduced equations, which are not mentioned here for brevity. For instance, the equations for n=1 and l=1, determine the first harmonics of the perturbation, namely
For the case of frequency of DAW comparable to dust charging frequency, one could not ignore the contribution of the imaginary part of Eq.(10b). The dispersion relation is then obtained as
with three roots describing three different modes. The first two modes are characterized by
Eq. (12) describes the damping of the well-known DAW in the presence of dust charge fluctuations. It can easily be shown that the damping rate is
The third mode is a purely imaginary mode i.e. ) / 1 (
. Note that the damping rate strongly depends on P 1 and which are parameters directly related to the dust charge fluctuations. Since the damping rate is inversely proportional to k 2 , the purely damped long wavelength dust wave mode would have a very short lifetime. If the magnitudes of P1 and are taken to be negligible, the purely imaginary mode will then vanish and the damped wave mode will reduce to the familiar dispersion relation ) /(
describing the DAW with constant dust charge.
Finally, we remark that it is not possible to precede further for higher order nonlinear wave modes under strong damping condition. However, if one considers the case of  / 0, it is then possible to obtain purely real wave mode with dispersion relation given by . By using the first and second order quantities and proceeding to the third order in (i.e. n =3), one can derive the complex nonlinear Schrödinger type equation [7]     0 1 1
where D is the dispersion coefficient and N is the nonlinear coefficient. Detailed study on this case will be presented elsewhere.
